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by Brochard and de Gennes, a chain first contracts dra- 
matically then reexpands as the consolute temperature is 
approached from above. However, preferential affinity also 
causes chain contraction far away from the critical point, 
as predicted by the Shultz-Flory theory. The effective 
range of the attractive force causing chain contraction is 
larger for the near-critical collapse. At  large values of 
preferential affinity, the chain may contract below its 
dimensions in either of the pure solvent components. Also 
indicative of the decrease in solvent qual i ty  attributable 
to preferential affinity is the reduction of the Flory ex- 
ponent v. 
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ABSTRACT: A new model for the chain length dependence of the reaction rate constant is proposed for 
the molecular weight distribution and averaged molecular weights obtained in linear condensation polymerization. 
An infinite molecular weight for a finite time is predicted if the reaction rate constant is increasing with chain 
length. The moments method is used and Gupta's model is reconsidered for analytic solutions. Both models 
are compared with available experimental data. 

Introduction 
The theory of molecular weight dis t r ibut ion of linear 

condensation polymers is well established on the principle 

0024-9297/88/2221-0732$01.50/0 

of equal reactivity of Flory.' E v e n  though experimental 
evidence seems to be generally in favor of th i s  principle, 
i t  still seems to be interesting to investigate the systematic 
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beginning with the concentration Moa 
dPl/dT = -2PlQO - 2(g - 1)P12 (5)  

(6)  

dP,/dr = -2P,Q0 + CPnP,-,,  ( m  > 2 )  (7) 

where g = k l /k  and T = kMot/2. Moments, Qi, are defined 
by eq 8 and every Qi and P ,  is nondimensionalized by Me 

dP2ld.T = -2P2Qo + gPl2 
m-1 

n=l 

deviations from the most probable distribution of Flory. 
The reactivity of the functional groups is known to depend 
on the structures of monomers or polymers. There are 
monomers, especially those containing aromatic rings, for 
which the reactivity is different from those of higher ho- 
mologues. Goel et al.2 and recently Kumar3 have consid- 
ered such cases numerically in both batch and continuous 
reactors. Specifically Kumar3 considered the reversible 
polymerization numerically and an analytic expression was 
obtained for irreversible polymerization in a continuous 
reactor. Here their case is reconsidered for the analytic 
results in a batch reactor which might be very useful for 
further engineering applications. A second possibility for 
the cause of the inequality in the reactivity could be the 
chain-length dependence. I t  is still unclear why the re- 
activities of higher chains are greater or less than those 
of shorter ones. External flow or other types of forces could 
alter the orientational distribution of the long-chain 
molecules, which eventually affects the reactivities of such 
chains. The highly oriented aromatic polyamide short fiber 
obtained by Yoon et al.4 could be one such case. Nanda 
and Jain5 were among the first workers to consider the 
chain-length dependence of the reaction rate constants of 
polymer chains. But their results were only useful for the 
early stage of polymerization since the reaction rate con- 
stants they used are decreasing as the chains grow so that 
eventually it becomes zero. A new model for chain-length 
dependence is proposed to predict that the molecular 
weight can reach infinity for a finite time of reaction if the 
reaction rate constant is an increasing function of chain 
length. The case of decreasing reaction rate constant is 
also considered to give a compact analytic expression which 
may be compared with an available set of data. 

General Kinetic Equations 

as an infinite set of elementary reactions: 

km, 

where P ,  is molecules having m repeating units and 
is reaction rate constant of P ,  and P,,. Of course the 
reversible polymerization should be treated especially for 
high conversion, but it is still interesting to consider the 
irreversible case if the removal of byproduct is instanta- 
neous due to the high vacuum applied. I t  can serve an 
important role in the further numerical calculation for the 
reversible case pointed by K ~ m a r . ~  The following set of 
differential equations generally characterizes the irre- 
versible condensation polymerization process: 

Irreversible polycondensation reactions are represented 

( 1 )  P ,  + P,  - Pm+,, m ,  n = 1,  2 ,  ... 

m 

m m* 
d P m / d t  = -Pm C k,nPn - kmmPm2 + C kn,m-J'J'm-n (3)  

n = l  n = l  

where m* is the integer part of m / 2 .  For the illustrative 
purpose, let us consider the Gupta's case first. 

Gupta's Model 

modeled by two parameter kl and k only: 
kll  = k , / 2  k,,n = k m # n 

kn,n = k / 2  n 1 2  

In this kinetic scheme, the polymerization process is 

(4) 

If k ,  is equal to k ,  it is the case of equal reactivity. I t  
is easy to construct a set of nondimensionalized equations 
for a given initial condition. Here the simplest initial 
condition is used, that is the only monomer exists at the 

m 

Qi = Z n i P n  
n=l 

In order to calculate the number-averaged and weight- 
averaged molecular weight, only Qo, Q1, and Q2 are nec- 
essary. I t  is easy to construct a Qi equation in general by 
summing eq 5-7. 

(9) 

dQl/dT = 0 (10) 

( 1 1 )  

dQo/dT = -Qo2 - (g - 1)P12 

i-1 

j=l 
dQi/dT = C iCjQjQi-j + (g - 1)(2' - 2)Pl2 

where iCj is the permutation symbol. These sets of 
equations permit the exact analytic solutions which were 
not noticed by the inventor of the model. The detail is 
shown in Appendix. The results are 

1 + 7 - p  

Qo = [ ( l  + T)2  - p21 

and 

P,  = 

where P2 = (g - l ) / g  and these results are good for g 1 1. 
It is possible to calculate Qi and P ,  successively. For the 
case of g I 1,  similar results can be obtained as follows. 
Here p2 is redefined by ( 1  - g ) / g .  

( 1  + T + p 2 )  
( 1 7 )  

[ ( I  + d 2  + P21 
Qi = 1 (18) 

80 = 

( l +  02) [ arctan ( i )  - arctan ( y) 1 (19) 
P 

and 

t 20) 
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P, has the following types of analytic solutions: 

According to the definition of number-averaged and 
weight-averaged chain lengths L, and Lw it is easy to have 
the following relationships. 

Ln = 8 1 / 8 0  (2%) 

Lw = Qz/Qi (22b) 

Comparison with Experimental Results 
The theoretical results shown in the previous section can 

be indirectly checked by LJT) data available in the liter- 
ature.’ This reaction was modeled by several workers in 
the past. The details are documented by Odian6 in his 
textbook, but none of the kinetic plots come close to being 
as useful as Flory’s original study. Therefore it is still 
interesting to consider another type of kinetic model for 
the engineering purpose to fit the data of higher L,. It can 
still be treated as low conversion as far as the real synthesis 
of commercial polymers is concerned so that the irre- 
versibility is not too difficult to be obtained since the 
byproduct can be removed easily in this range of low 
conversion. Figure 1 shows the data of Fory and the 
theoretical calculation with g = 5.08 and kMo = 0.909 X 
10-2/min. g value is calculated by the following formula. 

lim (dL,/dt) 

= lim (dL,/dt) 
t-- 

The initial data are well-fitted with Gupta’s model and the 
final data are fitted reasonably well with the predictions 
of new model proposed in the next paragraph as explained 
in the Figure 1. 

New Model Proposed 
Here a new model is proposed with the variant reaction 

rate constant which depends slightly on the chain length. 
I t  is not claimed that such a dependence corresponds to 
any real situation, but there is a strong possibility that 
polymerization could be accelerated by the external field 
such as shear flow. If the reaction rate varies as given in 
eq 24 then it is easy to construct not only the mass balance 
equation but also corresponding moment equations. 

km,n = k[l  + q2mn] m # n (244 

k [ l  + q2n2] 
n = 1, 2, ... (24b) 2 k n , n  = 

exp[-2mq2r] (31) 

A,(q) = 1 (324 

A,(q) = - E [ l  + q2n(m - n)]A,A,-, (32b) 

where A,(q) is given by eq 32. 

1 m-1 

m - 1,=1 

Qi can be also obtained successively by 

80 = 
[1 - 4 tan (qd1  

[l+!y?] 
Qi = 1 

Q2 = [I - q tan (247)l 

L, and Lw are obtained from Qo, Q1, and 

(33) 

(34) 

(35) 

Qz: 

(36) 

(37) 
It is clear that dimensionless time T should be less than 

a certain finite time of acrtan [ l /q] /2q.  The time to give 
an infinite L, is longer than this time. After that time, the 
weight-averaged molecular weight reaches infinity. It is 
worthwhile to notice that if q approaches zero, then the 
formula reduces to the case of Flory. These results are 
applicable for the case q = iq*, that is, the case when the 
rate constant decreases with increasing chain length. Here 
i is the base of the imaginary number (i2 = -l), and by 
using q = iq* and tan [iq*] = i tanh [q*~]  every results can 
be rewritten. As mentioned in the Introduction, it is only 
valid for the early stage of polymerization due to the lim- 
itation of the molecular size. 

Limit of Infinite q 
If q is infinite, it is better to redimensionalize the time 

scale by defining T~ = 4% since the reaction rate constant 
for monomers becomes infinite like (1 + q2)k .  Then it is 
easy to evaluate P, and Qo, Q1, and Qz. 

P, = amrlm-l exp(-2mrl) (38) 
where a is the constant evaluated by the following recursive 
formula: 

i m-I 
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Figure 1. Number-averaged chain length (L,) versus the di- 
mensionless time T.  Solid line is based on (22a) with g = 5.08 
and kMo = 0.909 X 10-2/min, dotted line is based on (36) with 
q = 0.051i and the same kMo, and A is from the data of Flory' 
for the reaction between diethylene glycol and adipic acid. 

qr 

Figure 2. Number-averaged chain length (L,) versus the di- 
mensionless time ( q T )  based on (36). From the top, q = 0.05,0.1, 
0.2, and 0.5, respectively. 

qr 

Figure 3. Weight-averaged chain length (L,) versus the di- 
mensionless time (qr) based on (37). From the top, q = 0.05,0.1, 
0.2, and 0.5, respectively. 

Here we are have another kind of interesting molecular 
weight distribution. 

Discussions and Conclusions 
The number-averaged chain length and weight-averaged 

chain length are plotted against the dimensionless time 
qr in Figures 2 and 3. As far as the molecular weights are 
concerned, the new time scale qr governs the situations. 
The polydispersity index (PDI) defined by LJL, is also 
plotted as a function of qr in Figure 4. A s  expected, PDI 
deviates much from 2 as q increases. The time rg for the 
infinite L is plotted against q in semilog scale in Figure 
5. For small q, rg varies with l/q, and for large q, r8 varies 
with 1 f q2. Experimental evidence for the proposed theory 
is not available right now, it is not yet known whether it 
is possible to have such an acceleration phenomenon 
during linear condensation polymerization and if possible 
whether the theoretical predictions are good quantitatively. 
Of course it is very difficult to obtain the high conversion 
which can be carried out in this manner not only due to 
the reversibility of the reaction but also due to the pre- 
cipitation of high molecular weight polymers. In order to 
mimic the real situation more precisely, attempts are being 
carried out for a more accurate rate dependence model of 

Figure 4. 
time (q7). 

79 

Figure 5. 

the small 

OO I 0 1  0 2  0 3  

4 1  

Polydispersity index (L,/L,) versus the dimensionless 
From the top, q = 0.05,0.1,0.2, and 0.5, respectively. 
n i .  

4 

Time (TJ for an infinite L, versus the parameter q. 

molecules. One of them could be the combina- 
tion of the two models given in this paper. The other 
unsolved problem is the rheokinetic origin of the variant 
kinetic constant like the expression given by eq 24. And 
reversibility should be considered in detail for both a batch 
reactor and a continuous-type reactor in the future. 

Appendix Q 0  and PI for g 2 1 

equation: 
From eq 5 and 9 it is easy to obtain the following 

dQo 
@i 

(Qo/P~)~  + (g - 1) 
(Qo/Pi) + 2k - 1) (AI) 

If we define u = Qo/Pl, (Al) can be converted into (A2). 

(A2) 

It can be integrated by using initial condition P1 = u = 1 
at  r = 0. 

g/P1 = u2 + 2(g - l)u - (g - 1) 643) 
By combining ( 5 ) ,  (A2), and (A3) for u, it is easy to have 

du/dr = g (A4) 

- -  - 

P1 du [-u' - 2(g - 1 ) ~  + (g - I)] 
[2u + 2(g - l)] 

- -  - 
@1 

which gives us u = 1 + gr. Then Qo and P1 are obtained 
successively. Exactly the same is true for g less than 1. 
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